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Arbitrary diffeomorphically invariant metric-torsion theories of gravity are considered. It is assumed that
Lagrangians of such theories contain derivatives of field variables (tensor densities of arbitrary ranks and
weights) up to a second order only. The generalized Klein-Noether methods for constructing manifestly co-
variant identities and conserved quantities are developed. Manifestly covariant expressions are constructed
without including auxiliary structures like a background metric. In the Riemann-Cartan space, the follow-
ing manifestly generally covariant results are presented: (a) The complete generalized system of differential
identities (the Klein-Noether identities) is obtained. (b) The generalized currents of three types depending
on an arbitrary vector field displacements are constructed: they are the canonical Noether current, sym-
metrized Belinfante current and identically conserved Hilbert-Bergmann current. In particular, it is stated
that the symmetrized Belinfante current does not depend on divergences in the Lagrangian. (c) The gener-
alized boundary Klein theorem (third Noether theorem) is proved. (d) The construction of the generalized
superpotential is presented in details, and questions related to its ambiguities are analyzed.
PACS numbers: 04.50.-h, 11.30.-j, 04.20.Cv
Keywords: diffeomorphic invariance, manifest covariance, differential identities, conservation laws, metric-
torsion theories, gravity, Riemann-Cartan geometry
I. INTRODUCTION
Last decades, one can see an unprecedented active
development of alternative theories of gravity, which
modify general relativity (GR) in various ways1–4.
Among them there are scalar-tensor theories5, the
Einstein-Cartan theory6, the Lovelock theory in the
general form7 as well as its special cases, such as
very popular Einstein-Gauss-Bonnet gravity8,9, metric-
affine theories10,11, supergravity12, f(R)-theories13,
Chern-Simons modifications of GR14, Lovelock-Cartan
theories15, topologically massive gravity16, topologically
massive supergravity17, new massive gravity18, critical
gravity19, chiral gravity20, various topological gauge the-
ories of gravity and supergravity21–26, etc.
Constructing the conservation laws (CLs) and con-
served quantities (CQs) in an arbitrary field theory, in-
cluding gravitational theories, is a main problem. Many
above listed theories, presented in the second order for-
malism, are the metric-torsion theories. Therefore, there
is a demand in universal expressions for CLs and CQs.
Thus, in the present paper, we consider the metric-
torsion theories only. It is the main goal of the cur-
rent work to construct in a manifestly generally covari-
ant form and analyze differential identities and conserved
quantities, existing due to a diffeomorphic invariance of
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metric-torsion theories of gravity in the most general for-
mulation. Besides being self-sufficient, the present paper
(Paper I27) is the first one in a series of the works. In the
second work (Paper II28), we plan to apply the developed
here formalism to construct and study the conserved
quantities, and to examine the structure of the field equa-
tions in metric-torsion theories, which have manifestly
generally covariant Lagrangians (see the definition be-
low). In the third work (Paper III29), we plan (1) to
analyze a physical and geometrical meaning of conserved
quantities (with taking into account surface terms), con-
structed in the first and second works; (2) to apply the
obtained results to study some important solutions in the
Lovelock-Cartan gravity and other theories with torsion.
To avoid ambiguities, let us state the definitions uti-
lized hereinafter. We call a theory as generally covariant
one if it is invariant with respect to general diffeomor-
phisms, unlike a gauge covariant theory that is invariant
with respect to internal gauge transformations. Hence, it
is clear that for both of these types of theories conserved
currents have a definite universal structure30–35. There-
fore, for the sake of universality and uniformity of the
presentation, we call a theory as a gauge-invariant theory
in wide sense if it is invariant under continuous transfor-
mations, parameters of which are functions of spacetime
points. Such transformations we call as gauge transfor-
mations. On the other hand, the usual gauge theories
with an internal gauge group we call the gauge theories of
Utiyama-Yang-Mills type. We call an expression as man-
ifestly generally covariant one if it is constructed (as a
rule, by contractions) from explicitly covariant quantities
2(tensors, spinors, covariant derivatives), which are trans-
formed in correspondence with linear homogeneous rep-
resentations of the diffeomorphism group. Thus, it is evi-
dently that a manifestly generally covariant expression is
a generally covariant one. But, the converse is generally
not true. For example, pseudotensors can be interpreted
as generally covariant quantities because their expres-
sions hold in arbitrary coordinate systems, but they can-
not be presented in a manifestly generally covariant form
because they are non-tensorial quantities.
In metric theories of gravity a construction of energy-
momentum tensors and spin tensors of pure gravitational
field meets well known obstacles – ambiguities appear
unavoidably. The reason is the existence of the equiv-
alence principle. During nearly hundred year history of
GR — basic metric theory of gravity — numerous vari-
ants of expressions for energy, momentum and angular
momentum of gravitational field were put forth. As a
rule, these expressions are generally covariant. However,
among them there are both tensorial expressions and
non-tensorial ones (for example, pseudotensors). The lat-
ter are not so desirable, therefore they or methods of their
construction are usually covariantized (i.e., reconstructed
into manifestly generally covariant form). Frequently,
such a covariantization is based on including an auxil-
iary structure, like a backgroundmetric, see, for example,
Refs.36–38 and also recent works (Refs.39,40). It is impos-
sible to present more or less complete bibliography even
in GR41, particulary one can find reviews38,42,43. Sig-
nificantly less attention was paid to constructing mani-
festly generally covariant CQs, where auxiliary structures
are not used. Concerning earlier works, only Komar44
has suggested a manifestly generally covariant superpo-
tential in GR that has been modified in Refs.45–47 and
generalized in Refs.48–54. In the last years, up to our
knowledge, only manifestly generally covariant charges
are constructed in asymptotically anti-de Sitter gravity
(see, e.g. Refs.55–58, and references there in).
One of the main methods for constructing conserved
quantities is the procedure suggested by Noether in
191859,60 (for alternative methods see, e.g., review in
Ref.42 and references therein). It is well known that
Noether has proved two general theorems in her semi-
nal work59. The first theorem states the existence of r
currents J(a), a = 1, r conserved on field equations. This
follows from the invariance of the action functional un-
der transformations presenting a finite r-parameters Lie
group, and vice versa. The method to prove the first the-
orem gives a recipe for constructing such currents. The
second theorem – the existence of a set of differential
identities between the left hand sides of the field equa-
tions of motion (the Noether identities) follows from the
invariance of the action functional under the gauge trans-
formations, and vice versa.
It is not widely known that in the same work Noether
has proved the statement that has not been formulated
as a separate theorem. However, sometimes it is called
as the third Noether theorem, or the boundary theorem
(see, e.g., Refs.61–65). In 1915, almost three years prior to
Noether, Hilbert in his known work66,67 has constructed
the energy-momentum vector J[ξ] for the system of inter-
acting gravitational and electromagnetic fields depend-
ing on an arbitrary vector field ξ. Klein, examinating
this current68, and little earlier Noether (see comments
in Ref.68), have found that the Hilbert current transfers
into a divergence of an antisymmetric tensor θ[ξ] if the
field equations of motion hold. Thus, the current is con-
served identically. Therefore, according to Klein’s and
Noether’s opinion, the Hilbert conservation law cannot
be thought as a usual conservation law for the energy-
momentum. As an answer, Hilbert has supposed (see
comments in Ref.68) that an analogous situation could
take place in all the generally covariant theories. The
Hilbert assumption has been proved right. Noether has
generalized the properties of the Hilbert current J[ξ] on
arbitrary gauge-invariant theories. Combining the results
of the first and second theorems, she has shown that in an
arbitrary gauge-invariant theory the Noether current J,
constructed according to the first theorem and with the
use of the Noether identities, always can be completed
up to the identically conserved current J . Thus, un-
like J, J is conserved independently of satisfying equa-
tions of motion. From here the boundary theorem fol-
lows directly: in an arbitrary gauge-invariant theory the
Noether current J, constructed by the first theorem for a
finite (global) subgroup of a gauge group is presented as
a sum of two terms: the first vanishes on the equations
of motion, whereas the second is expressed through a di-
vergence of an antisymmetric tensor θ — superpotential.
At the same time, Noether did not give a rule for the
superpotential construction.
It is also not widely known that the Noether identities
are not a complete system of differential identities follow-
ing from a gauge invariance of a theory. Noether stud-
ied the problem in an active collaboration with Klein,
who independently obtained the results analogous to
Noether’s68–70. Noether remarked that her work59 and
Klein’s work69 ”were mutually influential”59,60 (see also
comments by Klein and Hilbert in Ref.68). In work69,
Klein, considering an example of generally covariant met-
ric theories, obtained a complete system of differential
identities, from which the Noether identities follow. One
of his identities is in fact the boundary theorem, whereas
the others give recipe for constructing a superpotential.
Later, unfortunately, the above famous results by
Hilbert, Klein and Noether have been almost forgotten.
The studies of the identically conserved currentI in gen-
erally covariant theories has been re-stated by Bergman71
30 years later. The existence of the superpotential θ cor-
responding to the identically conserved Bergmann cur-
rent has been stated by Zatzkis72. The existence of the
identically conserved current J [ξ] in generally covari-
ant theories, which depends on an arbitrary vector ξ
has been rediscovered by Bergmann and Shiller73 in a
special case. In the general case it was rediscovered by
Mitskievich37,74,75, who systematically studied the gen-
3eralized current and have constructed the correspondent
(generalized) superpotential θ[ξ].
The complete Klein system of identities has been re-
discovered and studied in detail for constructing CQs
by Trautman76,77 (see also Refs.78,79,37,74,75,80). Lit-
tle earlier the Klein-like identities has been stated by
Utiyama81,82 in SU(N)-invariant gauge theories. Just
the above Trautman’s and Utiyama’s results became the
basis for studying differential identities in gauge theo-
ries of gravity and the Einstein-Cartan theory6,83–88, in
supergravity89,90, in metric-affine theories of gravity11.
The Klein-Noether theorem in the general form, prob-
ably independently, has been rediscovered by Francav-
iglia and coauthors91–94, Julia and Silva32,33, Barnich and
Brandt34,35. Recently, using the jet stratification tech-
nique and the variational bi-complex technique, the the-
orem has been stated in a very generic case (non-closed
algebras, Grassmannian fields, graduate groups) in the
works by Francaviglia et. al.95–97 and by Sardanashvily
et. al.98,99. To finalize a short historical discourse, we
remark that the conclusion that a superpotential has
to exist in GR directly follows from Einstein’s work of
1916100,101.
The novelty of our results is in the following:
• Universality. We consider an arbitrary diffeo-
morphically invariant classical field theories, La-
grangians of which contain derivatives of field vari-
ables (tensor densities of arbitrary, but fixed ranks
and weights) up to the second order;
• Manifest general covariance. We develop mani-
festly generally covariant formalism, first, using ini-
tially generally covariant expressions (without us-
ing auxiliary structures, such as a background met-
ric); second, all of our calculations, unlike many of
aforementioned works, are manifestly generally co-
variant at each and every steps ;
• The torsion field is taken into account. A space-
time under consideration is presented by an ar-
bitrary Riemann-Cartan space. Both the torsion
tensor and the metric tensor are the dynamical
fields, the torsion coupling in the Lagrangian can
be both minimal (through connection) and non-
minimal (explicit).
A technique developed in the present work to ana-
lyze diffeomorphic invariance can be directly applied to
both manifestly covariant and gauge invariant studies of
gauge invariance properties of arbitrary nature field the-
ories given in Riemann-Cartan spacetime, which could
be classical gauge theories or theories with a local super-
symmetries.
In the most of the present-day works related to ana-
lyzing general gauge theories (see, e.g., works by Julia
and Silva32,33, by Barnich and Brandt et. al.34,35, by
Obukhov et. al.102–104, by Baykal and Delice105, by Sar-
danashvily and Giachetta et. al.98,99,106–109, by Francav-
iglia et al.95,96,110–112), unfortunately, authors frequently
use rarely known formalisms for physicists, such as the
aforementioned variational bi-complex, jet stratification,
and also differential form technique, etc. Unlike them, we
perform all the calculations and present the final results
in the usual tensorial language.
The rest of the paper is organized as follows: In section
II, we suggest the general Noether relation in amanifestly
generally covariant form, find general expressions for the
generalized (depending on an arbitrary infinitesimal vec-
tor field δξ— displacement field) conserved current J[δξ]
and Noether charge Q[δξ; Σ].
In section III, we develop the complete manifestly co-
variant universal system of differential identities, which
take place in an arbitrary diffeomorphically invariant the-
ory of the class under consideration. Thus, the results in
the second part of section II and in section III present
the covariant generalization of the Klein approach68–70
(see also the work71,76,77 and, especially, books37,75).
In section IV based on the generalized Noether cur-
rent J[δξ], we obtain the identically conserved current
J [δξ]. Using the latter, we prove the generalized bound-
ary Klein-Noether theorem in the manifestly generally
covariant form. After that the generalized superpotential
θ[δξ] is constructed and a problem of its ambiguity is an-
alyzed. A physical meaning of the generalized Noether
current J[δξ] and its connection to the usual Noether
current J, a numerical value of the conserved generalized
charge Q[δξ; Σ], a physical meaning of the superpotential
θ[δξ] are also discussed.
In section V, utilizing the generalized Belinfante pro-
cedure, the generalized symmetrized Noether current
sym
J [δξ] is constructed. As the result, we show that this
current is a linear combination of the Lagrangian deriva-
tives of the action functional. Thus, it vanishes on the
equations of motion. This means that divergences in the
Lagrangian do not contribute to the current. This con-
clusion is a wide generalization of the claims made in
Refs.113,114.
Intermediate and cumbersome calculations are left in
the appendixes. In Appendix A, we review (without a
proof) basic facts of the Riemann-Cartan geometry. This
could be used as a introduction into the world of the
Riemann-Cartan geometry, assuming the reader is fluent
in more simple Riemannian geometry.
In Appendix B, basic notions of irreducible representa-
tions of a symmetric group (group of permutations) for
two- and three-indexes quantities are given. Using the
Young projectors, we develop a new technique, which is
employed in the main text.
In Appendix C, some general geometrical identities are
proved. They are used for a simplification of the Klein
system of identities and in analyzing ambiguities in the
superpotential.
In Appendix D, the technique of Appendix B is used
to solve a system of equations defining a superpotential
and determining its general representations.
In the paper we use the following notations: Greek
indexes α, β, . . . , µ, ν, . . . take values of 0, 1, . . . , D
4and numerate spacetime coordinates x
def
= {xα}, par-
tial ∂
def
= {∂α} def= {∂/∂xα} and covariant ∇ def= {∇α},
∗
∇
def
= { ∗∇α} derivatives, and spacetime tensor compo-
nents of fields also. Small Latin indexes from the mid-
dle of alphabet i, j, . . . , z take values of 1, 2, . . . , D
and numerate space components. Coordinate x0 is a
time one, whereas coordinates ~x
def
= {xi} are space ones.
Capital Latin indexes A, B, . . . , are collective and nu-
merate components of the full set of the physical fields
Φ
def
= {ΦA(x)} (containing both gravitational and matter
fields) and are related to 1, 2, . . . , N . At last, small Latin
indexes from the beginning of the alphabet a, b, . . . , h nu-
merate components of matter (non-gravitational) fields
ϕ
def
= {ϕa(x)} and take values of 1, 2, . . . , n.
As usual, for a twice repeated index, the Einstein sum-
mation rule is assumed. Indexes in parentheses need to
be symmetrized; whereas, indexes in brackets needs to
be antisymmetrized, for example,
A(αβ) =
1
2
(Aαβ +Aβα) , A[αβ] =
1
2
(Aαβ −Aβα) .
Two vertical lines inside the brackets () and [] mean that
indexes between them do not participate in symmetriza-
tion/antisymmetrization, for example,
A(α|βγ|δ) =
1
2
(Aαβγδ +Aδβγα) ,
A[α|β|γ] =
1
2
(Aαβγ −Aγβα) .
Covariant derivatives∇ and
∗
∇, and a sign convention
for the curvature tensor R
def
= {Rαβγδ} and the torsion
tensor T
def
= {Tαβγ} are derived in Appendix A.
The speed of light in vacuum is set to one.
II. THE GENERAL NOETHER IDENTITY.
GENERALIZED NOETHER’S CURRENT AND CHARGE
We consider a classical field theory determined by the
action functional
I[Φ; Σ1,2] =
Σ2∫
Σ1
dx
√−gL , (1)
in space-time C(1, D) (see Appendix A). Here, dx def=
dx0dx1 . . . dxD; integration is provided over an arbitrary
(D+ 1)-dimensional volume in C(1, D) restricted by two
spacelike D-dimensional hypersurfaces Σ1 and Σ2; La-
grangian L is a local function of a set of field variables
Φ(x) = {ΦA(x);A = 1, N} and their first and second
derivatives.
Consider a total variation of the action δ¯I[Φ; Σ1,2] ini-
tiated by both the general variations of the field variables
δΦ and the boundary hypersurfaces δΣ1,2:{
Φ(x) → Φ′(x) = Φ(x) + δΦ(x);
Σ1,2(x) → Σ′1,2(x) = Σ1,2(x) + δΣ1,2(x). (2)
By the definition, one has
δ¯I[Φ; Σ1,2]
def
= I[Φ+ δΦ; Σ1,2 + δΣ1,2]− I[Φ; Σ1,2]
= (I[Φ+ δΦ; Σ1,2 + δΣ1,2]− I[Φ+ δΦ; Σ1,2])
+ (I[Φ+ δΦ; Σ1,2]− I[Φ; Σ1,2]) .
(3)
We assume that the field variables and their derivatives
vanish sufficiently fast at spatial infinity. Then, up to the
first order terms in variations, for the first parenthesis in
(3) we obtain
δΣI[Φ; Σ1,2]
def
= I[Φ; Σ1,2 + δΣ1,2]− I[Φ; Σ1,2]
=
(
Σ2+δΣ2∫
Σ1+δΣ1
−
Σ2∫
Σ1
)
dx
√−gL
=
(∫
Σ2
− ∫
Σ1
)
dσµ L δxµ =
Σ2∫
Σ1
dx
√−g ∗∇µ (L δxµ)
(4)
where the generalized Gauss theorem (A42) was em-
ployed. The second parenthesis in (3) is the functional
variation of the action:
δΦI[Φ; Σ1,2]
def
= I[Φ+ δΦ; Σ1,2]− I[Φ; Σ1,2]
=
Σ2∫
Σ1
dx δ (
√−gL ) . (5)
We consider generally covariant theories of the most pop-
ular type, when δΦI is present always as
δΦI =
Σ2∫
Σ1
dx
√−g ∆I
∆ΦA
δΦA
+
Σ2∫
Σ1
dx
√−g ∗∇µ
{
Kµ|AδΦA +  Lβµ|A∇βδΦA
}
.
(6)
Hereinafter, ∆I/∆ΦA is defined by the variational
derivative δI/δΦA, which is the operator of equations
of motion,
∆I
∆ΦA
def
=
1√−g
δI
δΦA
, (7)
K
def
= {Kµ|A} and L def= { Lβµ|A} are local functions
of the field variables Φ and their first and second deriva-
tives, and are defined in an unique way (without ambigu-
ities) by the Lagrangian L . Combining the expressions
(3) – (6), one finds
δ¯I =
Σ2∫
Σ1
dx
√−g ∆I
∆ΦA
δΦA
+
Σ2∫
Σ1
dx
√−g ∗∇µ
(
Kµ|AδΦA +  Lβµ|A∇βδΦA +L δxµ
)
.
(8)
We name (2) as the symmetry transformation (see
Refs.64,76,90,115), if it induces the total variation of the
action functional δ¯I in the form
δ¯I =
Σ2∫
Σ1
dx
√−g ∗∇µ (δΛµ) (9)
5where δΛ
def
= {δΛµ} are infinitesimal local functions ofΦ,
δΦ and their derivatives (δΛ is not a variation). Equat-
ing (8) with (9) and taking into account that the volume
of integration is arbitrary, one finds the relation
∗
∇µJµ [δΦ, δx, δΛ] + ∆I
∆ΦA
δΦA ≡ 0, (10)
which is called the general Noether identity (the main
identity). Here,
Jµ [δΦ, δx, δΛ]
def
= Kµ|AδΦA +  Lβµ|A∇βδΦA +L δxµ − δΛµ.
(11)
If equations of motion ∆I/∆ΦA = 0 hold then the iden-
tity (10) transforms into the continuity equation
∗
∇µJµ [δΦ, δx, δΛ] = 0 (12)
where δΦ, δx and δΛ denote the symmetry transforma-
tion.
Let us consider the infinitesimal diffeomorphisms{
δxµ = δξµ(x);
δΦA(x) = δξΦ
A(x)
(13)
as the symmetry transformation, δξ = {δξµ(x)} is an ar-
bitrary infinitesimal vector (displacement vector). Here-
after, we assume the Lagrangian L is a generally covari-
ant scalar. Then, one has
δΛ[δξ]
def
= δΛ|{δΦ = δξΦ; δx = δξ} = 0. (14)
The variations of the field variables have the general form
δξΦ
A(x)
= Φα|Aδξα +Φαβ |A∇βδξα +Φαβγ |A∇(γ∇β)δξα + . . .
(15)
where {Φα|A}, {Φαβ|A}, {Φα(βγ... )|A = Φαβγ...|A} are
local functions of Φ and their derivatives, which are de-
fined uniquely by the transformation properties ofΦ. We
consider only the case when δξΦ contains the first two
terms on the right hand side of (15). However, the discus-
sion can be easily extended to a more generic case, say, of
metric-affine theories of gravity, for which the third term
in (15) is also nonzero.
A vector
J[δξ]
def
= J [δΦ, δx, δΛ]|{δΦ = δξΦ; δx = δξ; δΛ = 0} ,
(16)
whose components are obtained after the substitution of
(13), (14) and (15) into (11):
Jµ[δξ] =
{
Kµ|AΦα|A +L δµα +  Lνµ|A∇νΦα|A
}
δξα
+
{
Kµ|AΦαβ |A +  Lβµ|AΦα|A +  Lνµ|A∇νΦαβ |A
}
∇βδξα
+
{
 Lγµ|AΦαβ |A
}∇γ∇βδξα
(17)
we will call as the generalized Noether current.
It is insightful to compare the results obtained here in
the tensorial formalism with the corresponding results
in a popular formalism of differential forms. It is
impossible to perform a full comparison; fortunately,
there is no needs for this. To show how the compar-
ison could be done it is enough to show this for any
particular example. The formulae (16) and (17), which
are among the main formulae of the formalism, are well
suited for this goal. Thus, the Noether current D-form
j[δξ] = Θ[Φ, δξΦ] − δξ · L constructed in works49–52
coincides with the current (16), (17) up to a sign:
j[δξ]
def
= −Jµ[δξ]dσµ . The symplectic potential D-form
Θ in the tensorial notations is presented as Θ[Φ, δξΦ] =
−
{
Kµ|AδΦA +  Lβµ|A∇βδΦA
}∣∣∣{δΦ = δξΦ} dσµ .
When a detailed structure of the last expression is
analyzed, one finds the exact correspondence with (17).
Next, transform the last term in the expression (17)
following the formula (B11) in Appendix B 2:{
 Lγµ|AΦαβ |A
}∇γ∇βδξα
=
{
1
2
Rεακλ  L
κµ|AΦελ|A
}
δξα
+
{
−1
2
T βκλ L
κµ|AΦαλ|A
}
∇βδξα
+
{
 Lγµ|AΦαβ |A
}∇(γ∇β)δξα.
(18)
Taking this into account, find
Jµ[δξ] = Uα
µδξα +Mα
βµ∇βδξα +Nαβγµ∇(γ∇β)δξα
(19)
where116


Uα
µ def= L δµα +K
µ|AΦα|A +  Lκµ|A
(
∇κΦα|A +
1
2
RεακλΦε
λ|A
)
;
Mα
βµ def= Kµ|AΦαβ |A +  Lβµ|AΦα|A +  Lκµ|A
(
∇κΦαβ |A −
1
2
T βκλΦα
λ|A
)
;
Nα
βγµ def=  L(γ|µ|AΦα|β)|A.
(20)
(21)
(22)
Note that after the symmetrization in (22), we get
Nα
(βγ)µ = Nα
βγµ. (23)
Also, for the diffeomorphisms (13), (14) and (15) the gen-
6eral Noether identity (10) can be rewritten in the form:
∗
∇µJµ[δξ] ≡ −Iαδξα − Iαβ∇βδξα (24)
where 

Iα
def
=
∆I
∆ΦA
Φα|A;
Iα
β def=
∆I
∆ΦA
Φα
β|A.
(25)
(26)
Now, we define the generalized Noether charge as
Q[δξ; Σ]
def
=
∫
Σ
dσµ J
µ[δξ] (27)
where Σ is a spacelike D-dimensional hypersurface in
C(1, D).
Let the equations of motion ∆I/∆ΦA = 0 be satisfied,
then the relation (24) acquires the form of the continuity
equation
∗
∇µJµ[δξ] = 0 for the current J[δξ] = {Jµ[δξ]}.
Next, if additionally the field variables and their deriva-
tives vanish fast enough at a spatial infinity, then (24)
leads to conservation of the generalized charge
∆I
∆ΦA
= 0 ⇒ Q[δξ; Σ1] = Q[δξ; Σ2] (28)
meaning that its value is the same on each of hypersur-
faces Σ.
Note that the above conclusions are valid for arbitrary
vectors δξ, not just for Killing vectors. Therefore, the
aforementioned conservation laws are not connected with
existence or absence of a spacetime group of motions. Af-
ter series of works by Bergmann’s group73,117,118, who
have studied this situation in general relativity, the
conclusion was reached that the charge Q[δξ; Σ] is the
generator of infinitesimal diffeomorphisms (13), (15).
Bergmann et al. have utilized the canonical formalism
where on the equations of motion one has
δ¯I|eq.mot. =
Σ2∫
Σ1
dx
∗
∇µJµ[δξ] =
(∫
Σ2
− ∫
Σ1
)
dσµ J
µ[δξ]
= Q[δξ; Σ]|Σ2 − Q[δξ; Σ]|Σ1 .
(29)
In the framework of the Lagrangian formalism, the same
conclusion follows from the Schwinger dynamical princi-
ple119 (see also Refs.120,121).
In the case when a spacetime has a continuous group
of motion Kr with r independent parameters, there
are r linearly independent Killing vector fields χ(a)
def
=
{χ(a)µ; a = 1, r}. Then, defining infinitesimal displace-
ment vectors δξ as
δξ(x) = δχ(x)
def
= δε(a)χ(a)(x), (30)
one obtains for the generalized current J[δξ] (19):
J[δχ] = δε(a)J(a) (31)
where {δε(a)} is the set of infinitesimal constant trans-
formation parameters of Kr. The quantities
J(a)
def
= {J(a)µ}; (32)
J(a)
µ def= Uα
µχ(a)
α+Mα
βµ∇βχ(a)α+Nαβγµ∇(γ∇β)χ(a)α
(33)
are just the conserved currents constructed according to
the first Noether theorem for the group of motions Kr.
III. THE KLEIN AND NOETHER IDENTITIES
Using the generalized Leibnitz rule (A34), let us open
explicitly the left hand side of the general Noether iden-
tity (24) where the current is introduced in (19):
∗
∇µJµ[δξ] =
{ ∗
∇µUαµ
}
δξα
+
{
Uα
β +
∗
∇µMαβµ
}
∇βδξα
+
{
Mα
βγ +
∗
∇µNαβγµ
}
∇γ∇βδξα
+
{
Nα
βγδ
}∇δ∇γ∇βδξα.
(34)
Using the formula (B11), we transform the third term on
the R.H.S. in the same way as in (18). Keeping in mind
the property (23), one obtains{
Mα
βγ +
∗
∇µNαβγµ
}
∇γ∇βδξα
=
{
1
2
RεακλMε
λκ
}
δξα +
{
−1
2
T βκλMα
λκ
}
∇βδξα
+
{
Mα
(βγ) +
∗
∇µNα(βγ)µ
}
∇(γ∇β)δξα.
(35)
Transformation of the fourth term on the R.H.S. in (34)
is more complicated, which is worked out it in Appendix
B4. The finalized result is presented in (B30) as well as
{
Nα
βγδ
}∇δ∇γ∇βδξα = {−1
3
Nκ
λµν
(
∇λRκαµν + 1
2
T σµνR
κ
αλσ
)}
δξα
+
{
1
3
Nα
λµν
(
2Rβλµν +∇λT βµν + 1
2
T σµνT
β
λσ
)
−NκβµνRκαµν
}
∇βδξα
+
{
Nα
βµνT γµν
}∇(γ∇β)δξα + {Nαβγδ}∇(δ∇γ∇β)δξα.
(36)
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(24), one obtains an equivalent representation of the gen-
eral Noether identity:
{
∗
∇µUαµ − 1
2
Mλ
µνRλαµν − 1
3
Nκ
λµν
(
∇λRκαµν + 1
2
T σµνR
κ
αλσ
)}
δξα
+
{
Uα
β +
(
∗
∇µMαβµ + 1
2
Mα
µνT βµν
)
+
1
3
Nα
λµν
(
2Rβλµν +∇λT βµν + 1
2
T σµνT
β
λσ
)
−NκβµνRκαµν
}
∇βδξα
+
{
Mα
(βγ) +
∗
∇µNαβγµ +Nα(β|µνT |γ)µν
}
∇(γ∇β)δξα +
{
Nα
(βγδ)
}∇(δ∇γ∇β)δξα ≡ −Iαδξα − Iαβ∇βδξα.
(37)
Notice that this identity is valid, when each function
from the set {δξα, ∂βδξα, ∂γ∂βδξα, ∂δ∂γ∂βδξα} has an ar-
bitrary values at every world point. Then, opening (37)
explicitly, one can equate to zero the coefficients in front
of each function independently and obtain the system of
identities. Such a system is not manifestly covariant.
However, one can transfer to another set of arbitrary
functions {δξα,∇βδξα,∇(γ∇β)δξα,∇(δ∇γ∇β)δξα}. Be-
cause the Jacobian of the transformation is not degener-
ated, one can use the second set as equivalent instead to
the first one. Thus, equating to zero the coefficients at
the functions of the second set in identity (37), one obtain
the covariant system of identities equivalent to (37):


∗
∇µUαµ − 1
2
Mλ
µνRλαµν − 1
3
Nκ
λµν
(
∇λRκαµν + 1
2
T σµνR
κ
αλσ
)
≡ −Iα;
Uα
β +
(
∗
∇µMαβµ + 1
2
Mα
µνT βµν
)
+
1
3
Nα
λµν
(
2Rβλµν +∇λT βµν + 1
2
T σµνT
β
λσ
)
−NκβµνRκαµν ≡ −Iαβ ;
Mα
(βγ) +
∗
∇µNαβγµ +Nα(β|µνT |γ)µν ≡ 0;
Nα
(βγδ) ≡ 0.
(38)
(39)
(40)
(41)
The equations (38)–(41) present complete manifestly co-
variant universal system of differential identities, which
is valid in an arbitrary diffeomorfically invariant field
theory. Originally the system, analogous to the above,
has been obtained in a non-covariant form by Klein69 for
purely metric theories of gravity. Therefore we will name
system (38) – (41) as the Klein identities.
In Appendixes C 2 and C3, we show that the Klein
identities (38) and (39) can be rewritten in the form
∗
∇µ
(
Uα
µ − 1
3
Nλ
µρσRλαρσ
)
− 1
2
(
Mλ
[ρσ] − 2
3
∗
∇µNλµ[ρσ] + 1
3
Nλ
[ρ|µνT |σ]µν
)
Rλαρσ ≡ −Iα (42)
and (
Uα
β − 1
3
Nλ
βρσRλαρσ
)
+
∗
∇µ
(
Mα
[βµ] − 2
3
∗
∇λNαλ[βµ] + 1
3
Nα
[β|ρσT |µ]ρσ
)
+
1
2
(
Mα
[ρσ] − 2
3
∗
∇λNαλ[ρσ] + 1
3
Nα
[ρ|κλT |σ]κλ
)
T βρσ
+
∗
∇µ
(
Mα
(βµ) +
∗
∇λNαβµλ +Nα(β|ρσT |µ)ρσ
)
− ∗∇µ
∗
∇λNα(βµλ) ≡ −Iαβ ,
(43)
respectively. At the beginning, note that due to identities
(40) and (41) the last two terms on the left hand side of
(43) are equal to zero. Next, subtract the divergence
∗
∇β
8of (43) from the identity (42), taking into account the
identity (C2) where one sets
θα
βµ =Mα
[βµ] − 2
3
∗
∇λNαλ[βµ] + 1
3
Nα
[β|ρσT |µ]ρσ. (44)
After, we obtain the new identity
∗
∇µIαµ − Iα ≡ 0 (45)
that is the Noether identity rewritten in a manifestly
covariant form. All of these mean that instead of the
Klein system (38)–(41), one can use the equivalent Klein-
Noether system of identities :


∗
∇µIαµ ≡ Iα;(
Uα
β − 1
3
Nλ
βρσRλαρσ
)
+
∗
∇µ
(
Mα
[βµ] − 2
3
∗
∇λNαλ[βµ] + 1
3
Nα
[β|ρσT |µ]ρσ
)
+
1
2
(
Mα
[ρσ] − 2
3
∗
∇λNαλ[ρσ] + 1
3
Nα
[ρ|κλT |σ]κλ
)
T βρσ ≡ −Iαβ ;
Mα
(βγ) +
∗
∇µNαβγµ +Nα(β|µνT |γ)µν ≡ 0;
Nα
(βγδ) ≡ 0.
(46)
(47)
(48)
(49)
IV. THE GENERALIZED NOETHER
SUPERPOTENTIAL. THE BOUNDARY
KLEIN-NOETHER THEOREM
Substituting Iα from (46) into the general Noether
identity (24), one obtains another identity
∗
∇µJ µ[δξ] ≡ 0, (50)
which has a meaning of the continuity equation for the
current defined as J [δξ]
def
= {J µ[δξ]}, where
J µ[δξ]
def
= (Uα
µ + Iα
µ) δξα
+Mα
βµ∇β δξα +Nαβγµ∇(γ∇β)δξα.
(51)
It is evidently that the current J [δξ] is connected with
the generalized Noether current J[δξ] (19) by the rela-
tion:
Jµ[δξ] = −Iαµδξα +J µ[δξ]. (52)
Note that identity (50) takes place independently of
equations of motion. Then, keeping in mind identity
(C1), one should conclude that the current in (50) can
be represented in the form
J µ[δξ] =
∗
∇νθµν [δξ] + 1
2
θρσ[δξ]T µρσ (53)
where
θ[δξ]
def
= {θµν [δξ]} ; θ[µν][δξ] = θµν [δξ] (54)
is an antisymmetric tensor — the generalized Noether
superpotential.122 The formulae (52) and (53) represented
in the formalism of the differential forms are equiva-
lent (on the equations of motion) to the relation j[δξ] =
dQ[δξ]49–52, where j[δξ] is the Noether current D-form
(see discussion above after formula (17)); the Noether
charge (D − 1)-form Q in the tensorial notations is pre-
sented as Q[δξ] = − 12!θµν [δξ]dsµν .
A superpotential in (53) is not defined uniquely. In-
deed, if
θ′µν
def
= θµν +
( ∗
∇λθµνλ + θ[µ|ρσT |ν]ρσ
)
def
= θµν +∆θµν
(55)
is another superpotential where
θ[µνλ] = θµνλ, (56)
then
J ′µ =
∗
∇νθ′µν + 1
2
θ′ρσT µρσ
=
[
∗
∇νθµν + 1
2
θρσT µρσ
]
+
[
∗
∇ν
( ∗
∇λθµνλ + θ[µ|ρσT |ν]ρσ
)
+
1
2
( ∗
∇λθρσλ + θ[ρ|κλT |σ]κλ
)
T µρσ
]
def
= J µ +∆J µ.
(57)
9However, it is easily to show (see Appendix C 4) that
∆J µ ≡ 0, (58)
therefore
J ′µ[δξ] = J µ[δξ]. (59)
Now, let us construct the superpotential θ[δξ] corre-
sponding to the current (51). We assume that it has the
form
θµν [δξ] = Aα
µνδξα +Bα
βµν∇βδξα (60)
where coefficients Aα
[µν] = Aα
µν and Bα
β[µν] = Bα
βµν
do not depend on δξ and its derivatives. Thus, one has
to find the tensors A
def
= {Aαµν} and B def= {Bαβµν}.
Substituting (60) into (53), one obtains an expression for
the current J [δξ]:
J µ[δξ] =
{(
∗
∇νAαµν + 1
2
Aα
ρσT µρσ
)
+
1
2
Bλ
ρσµRλαρσ
}
δξα
+
{
−Aαβµ +
(
∗
∇λBαβµλ + 1
2
Bα
βρσT µρσ − 1
2
Bα
ρσµT βρσ
)}
∇βδξα +
{−Bαβγµ}∇(γ∇β)δξα. (61)
Equating this expression to the current (51), we get the system of equations defining A and B:


(
∗
∇νAαµν + 1
2
Aα
ρσT µρσ
)
+
1
2
Bλ
ρσµRλαρσ = Uα
µ + Iα
µ;
−Aαβµ +
(
∗
∇λBαβµλ + 1
2
Bα
βρσT µρσ − 1
2
Bα
ρσµT βρσ
)
=Mα
βµ;
−Bα(βγ)µ = Nαβγµ.
(62)
(63)
(64)
A general solution of this system (see Appendix D) reads
Aα
µν = −Mα[µν] + 2
3
(
∗
∇λNαλ[µν] + 1
2
T [µρσNα
ν]ρσ
)
+
( ∗
∇λcαµνλ + cα[µ|ρσT |ν]ρσ
)
; (65)
Bα
λµν = −4
3
Nα
λ[µν] + cα
λµν . (66)
where {cα[λµν] = cαλµν} is an undefined antisymmetrical
tensor.
Now, recall the ambiguity in the superpotential defini-
tion (55). We set there
θµνλ[δξ] = Cα
µνλδξα. (67)
where {Cα[µνλ] = Cαµνλ} is an arbitrary antisymmetri-
cal tensor. Then it is easily to find that an ambiguity
presented by (55) appears in A and B in the form:
A′α
µν = Aα
µν +
( ∗
∇λCαµνλ + Cα[µ|ρσT |ν]ρσ
)
; (68)
B′α
βµν = Bα
βµν + Cα
βµν . (69)
It is not surprisingly that the ambiguity in (65) and (66)
is the same as in (68) and (69), respectively. But the
latter does not contribute to the current, see (58), and
consequently, it does not contribute to the charge. Then,
without loss of a generality, one can set cα
λµν = 0, after
that (65) and (66) transfer to
Aα
µν = −Mα[µν] + 2
3
(
∗
∇λNαλ[µν] + 1
2
T [µρσNα
ν]ρσ
)
;
(70)
Bα
λµν = −4
3
Nα
λ[µν]. (71)
Thus,
θµν [δξ]
=
{
−Mα[µν] + 2
3
(
∗
∇λNαλ[µν] + 1
2
T [µρσNα
ν]ρσ
)}
δξα
+
{
−4
3
Nα
β[µν]
}
∇βδξα.
(72)
In a more simple case of a field theory in a Rieman-
nian spacetime, a covariant formula of the same form
(72) originally was presented at the workshop123 (see also
Ref.38 and references there in). The difference is that the
superpotential (72) is constructed without a background
metric for initial variables of the theory, whereas the su-
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perpotential suggested in Ref.123 is intended for pertur-
bations in a curved background spacetime.
Substituting the expression (53) into formula (52), in-
tegrating it over a spacelike D-dimensional hypersurface
Σ and using the Stockes rule (A43), we rewrite the gen-
eralized Noether charge (27) in the form
Q[δξ; Σ] = − ∫
Σ
dσµ Iα
µδξα +
1
2!
∮
∂Σ
dsµν θ
µν [δξ]. (73)
The above relation is a special case (in an integral
form) of a more general statement: the boundary Klein
theorem69 or the third Noether theorem59 (see also
Refs.32,33,63–65,76,92–94,98,99) that reads as in an arbitrary
gauge-invariant theory the Noether current is presented
by a sum of two terms, the first vanishes on equations
of motion, the second is a divergence of a superpoten-
tial. Note that the ambiguity in definition of the super-
potential presented in (55) disappears in definition of the
charge (73) by the Stockes theorem. It is not surprisingly
because as we already know that the ambiguity does not
contribute to the generalized Noether current.
The structure of the charge (73) in the Lagrangian for-
mulation is analogous to the structure of the diffeomor-
phism generators in the Hamiltonian formulation of gen-
eral relativity (GR). Indeed, the first term on the right
hand side of (73) vanishes on equations of motion, see
(26). Thus, the value of the charge (73) is defined by
the second term on the right hand side (surface integral
of a superpotential) only. The Hamiltonians in GR have
the same property: the first its part presents integrals
of constraints over hypersurface Σ and disappears. Then
the value of the Hamiltonians in GR is defined by the
second part: a surface integral over the boundary ∂Σ of
Σ. An assumption that surface terms and their contribu-
tions in the Lagrangian formalism are equivalent to the
correspondent ones in the Hamiltonian formalism in an
arbitrary gauge-invariant theory has been formulated in
an explicit form in Ref.33.
In earlier works in the Hamiltonian GR, all the bound-
ary terms were ignored which led to the problem of “zero
Hamiltonian” (or “frozen formalism”)124,125. The role
of the boundary terms has been studied and clarified in
Refs.126,127 based on the requirement of well defined vari-
ation of the Hamiltonian action and well defined Poisson
brackets (see also Ref.128). A consideration of the bound-
ary terms in the generators of canonical transformations
initiates an extension of the canonical formalism with in-
clusion of fields at the boundary ∂Σ. This important
problem has been formulated and studied in Refs.129–136.
V. THE GENERALIZED SYMMETRIZED NOETHER
CURRENT
From now we call the generalized Noether current J[δξ]
(19) and the generalized superpotential θ[δξ] (72) as the
generalized canonical Noether current and the general-
ized canonical superpotential, respectively.
Recall that the canonical current J[δξ] contains deriva-
tives of a displacement vector ∇δξ, ∇∇δξ. In this sec-
tion, we construct a new current
sym
J µ[δξ], instead of the
canonical one J[δξ], with the property that it does not
contain derivatives of δξ. In other words, we search for
sym
J
µ[δξ] =
sym
U α
µδξα. (74)
Why is such a property important?
First, as we have remarked in Sec. II and in Sec. IV
(see discussions after formulae (28) and (73), respectiv-
elly), under the transition to canonical formalism the cur-
rent J[δξ] becomes a generator of infinitesimal diffeomor-
phisms with the parameters δξ. Therefore this generator,
like generators of infinitesimal canonical transformations
in a field theory, should be proportional to parameters
of transformations only (like in (74)), and not should be
proportional to the derivatives. In the cases when deriva-
tives appear, one has to suppress them.
Second, the form (74) is more compact. In the case
when a spacetime belongs to a group of motion (exact or
asymptotic), dynamic quantities presented by J[δχ] and
based on Killing vectors δχ of this group are constructed
with using all the tensorsU,M andN. At the same time,
dynamic quantities based on (74), presented by
sym
J [δχ],
are constructed with using
sym
U
def
= {symU α µ} only. Of
course, according to the Ockham’s razor argument, the
latter is preferred.
In Paper II28 of the current series of works, we will
show that in manifestly generally covariant theories a
tensor U contains the canonical energy-momentum ten-
sor (EMT): t
def
= {tµν}, and a tensor M contains the
spin tensor (ST): s
def
=
{
spi [ρσ] = s
pi
ρσ
}
. It is well known
that in a general case canonical EMT is not symmetrical:
tνµ 6= tµν . Owing to this property, even for a field theory
in Minkowski space, it is not possible to construct a total
conserved angular momentum with using EMT only (it
is necessary to use ST as well). Thus, a total conserved
angular momentum is constructed as a sum of two terms
representing orbital and spin momenta. For a symmetri-
cal EMT the converse is true: a total conserved angular
momentum is constructed by using EMT only (without
an additional ST). Therefore, it is desirable to construct
a symmetrical EMT. Originally a procedure reconstruct-
ing a canonical EMT into a symmetrical EMT in a field
theory in Minkowski space (symmetrization procedure)
has been suggested in Belinfante’s works137,138139.
In the terms of the current, under the Belinfante sym-
metrization procedure a spin term disappears from the
explicit consideration. Therefore, the reconstruction of
the canonical current J[δξ] into the current (74) without
derivatives of δξ (i.e., without the spin term) is just a
generalization of the Belinfante procedure. By the re-
quirement (74) the tensor
sym
U is equal to the general-
ized symmetrized EMT
sym
t . However, one has to keep in
mind that in a general case a symmetrized EMT need not
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be symmetrical (see, e.g., a symmetrized EMT for per-
turbation in GR on curved backgrounds in Refs.140,141).
Now, let us search for a generalized symmetrized
Noether current
sym
J [δξ]. Because a new current
has to be also differentially conserved, we construct
it by adding an antisymmetrical tensor B[δξ]
def
=
{
B[µν][δξ] = Bµν [δξ]
}
, similarly to (53):
sym
J
µ[δξ]
def
= Jµ[δξ]−
(
∗
∇νBµν [δξ] + 1
2
Bρσ [δξ]T µρσ
)
(75)
We call this formula as a generalized Belinfante relation,
and a tensor B[δξ] — as a generalized Belinfante tensor.
Assume that
Bµν [δξ] = Aα
µνδξα +Bα
βµν∇βδξα (76)
where
Aα
[µν] = Aα
µν ; Bα
β[µν] = Bα
βµν (77)
are tensors, which are to be determined. Then,
∗
∇µBµν [δξ] + 1
2
Bρσ [δξ]T µρσ =
{
∗
∇νAαµν + 1
2
Aα
ρσT µρσ +
1
2
Bλ
ρσµRλαρσ
}
δξα
+
{
−Aαβµ +
∗
∇νBαβµν + 1
2
Bα
βρσT µρσ − 1
2
Bα
ρσµT βρσ
}
∇βδξα +
{−Bαβγµ}∇(γ∇β)δξα. (78)
Substituting (74), (19), (78) into (75) and equating co-
efficients at {δξα}, {∇βδξα},
{∇(γ∇β)δξα}, one obtains the system of equations for determining the tensors A,B, symU :


sym
U α
µ = Uα
µ −
(
∗
∇νAαµν + 1
2
Aα
ρσT µρσ
)
− 1
2
Bλ
ρσµRλαρσ;
0 =Mα
βγ +Aα
βγ −
(
∗
∇νBαβµν + 1
2
Bα
βρσT µρσ − 1
2
Bα
ρσµT βρσ
)
;
0 = Nα
βγµ +Bα
(βγ)µ.
(79)
(80)
(81)
The system (80)-(81) for A and B exactly coincides with
one in (63)-(64); therefore, its solution is given by (70)-
(71). As a consequence of (71), one has
Bλ
[ρσ]µ =
2
3
Nλ
µ[ρσ]. (82)
Substituting (70), (82) into (79), we obtain
sym
U α
µ =
(
Uα
µ − 1
3
Nλ
µρσRλαρσ
)
+
∗
∇ν
[
Mα
[µν] − 2
3
(
∗
∇λNαλ[µν] + 1
2
T [µρσNα
ν]ρσ
)]
+
1
2
[
Mα
[ρσ] − 2
3
(
∗
∇λNαλ[ρσ] + 1
2
T [ρεκNα
σ]εκ
)]
T µρσ .
(83)
Note that the right hand side of (83) exactly coincides
with the left hand side of the Klein identity (47). There-
fore, one can write also
sym
U α
µ = −Iαµ. (84)
Comparing formulae (76) with (60), one finds that the
generalized Belinfante tensor coincides with the general-
ized canonical superpotential:
Bµν [δξ] = θµν [δξ]
=
{
−Mα[µν] + 2
3
(
∗
∇λNαλ[µν] + 1
2
T [µρσNα
ν]ρσ
)}
δξα
+
{
−4
3
Nα
β[µν]
}
∇βδξα.
(85)
Combining this equality with (52), (53) and (75), one
finds that the generalized symmetrized superpotential
sym
θ
[δξ]
def
= {
sym
θ[µν] [δξ] =
sym
θµν [δξ]} corresponding to the cur-
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rent
sym
J [δξ] is equal to zero identically:
sym
θµν [δξ] = θµν [δξ]−Bµν [δξ] = 0. (86)
Recall that
sym
U α
µ =
sym
t µα, (87)
then relation (84) is a proof of the claim that symmetrized
EMT
sym
t does not depend on divergences in the La-
grangian. Indeed, the right hand side of (84) essentially
is defined by the variational derivative of the action (see
definition (26)), compare this also with Refs.113,114. Al-
ready in Ref.142, it was stated that the Belinfante pro-
cedure applied both to the Hilbert Lagrangian and to
the non-covariant Einstein Lagrangian (differed by a di-
vergence) give the same result. An analogous statement
(that divergences in Lagrangians do not influence the Be-
linfante operation) has been proved for perturbations on
a fixed curved background in GR in Refs.140,141 and in
metric theories in the review of Petrov38.
Finally, we stress the following: The generalized Be-
linfante relation (75) with accounting for formulae (74),
(84) (the latter has been obtained with the use of the
Klein identity (47)) and (85) coincides with the bound-
ary Klein-Noether theorem (73). Therefore the success
of the Belinfante approach is based on the Klein-Noether
system of identities (46)-(49) only.
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Appendix A: Main relations of the Riemann-Cartan
geometry
The goal of this Appendix is to introduce main formu-
lae of the Riemann-Cartan geometry, which are necessary
in the text, and to identify notations for a reader.
Let M be a (D + 1)-dimensional real manifold with
a coordinate system x
def
= {xµ} defined on it. The
Riemann-Cartan geometry is given onM if smooth fields
1. of a symmetric covariant tensor (metric)
g
def
= {gµν(x)}, g(µν) = gµν , (A1)
and
2. of an affine connection compatible with the metric
(A1),
Γ
def
= {Γλµν(x)}, (A2)
are defined on M.
Because one sets thatM presents a spacetime the metric
tensor g is of the Lorentzian signature:
sign g = (−1, 1, 1, . . . , 1︸ ︷︷ ︸
D times
). (A3)
The metric determinant is denoted as
g
def
= det{gµν}. (A4)
The connection Γ is not symmetrical in lower indexes:
Γλ(µν) 6= Γλµν (A5)
and defines covariant derivatives of a vector V =
{V µ(x)} and an 1-formW = {Wµ(x)} by the rules
∇λV µ def= ∂λV µ + ΓµαλV α, (A6)
∇λWµ def= ∂λWµ − ΓαµλWα. (A7)
A compatible condition of a connection Γ with a metric
g is presented as
∇λgµν = ∂λgµν − Γαµλgαν − Γανλgµα = 0 (A8)
meaning that a tensor of non-metricity Q
def
=
{Qλ,µν(x)} def= {∇λgµν(x)} is equal to zero. Usually a
set (M,g,Γ) is denoted as C(1, D) and is called as the
Riemann-Cartan manifold.
The torsion tensor T
def
= {T λµν(x)} and the curvature
tensor R
def
= {Rκλµν(x)} are defined by the relation
(∇µ∇ν −∇ν∇µ)V λ def= −Tαµν∇αV λ +RλαµνV α
(A9)
and are expressed through the connection as follows
T λµν = −2Γλ[µν]; (A10)
Rκλµν = ∂µΓ
κ
λν − ∂νΓκλµ + ΓκαµΓαλν − ΓκανΓαλµ.
(A11)
As is seen, the torsion tensor T is antisymmetric in lower
indexes:
T λ[µν] = T
λ
µν . (A12)
Rising or lowering indexes for a torsion tensor T, we re-
mark their places by coma. For example,
T λ, µν
def
= gµαT λαν ; T
λ, µν def= gµαgνβT λαβ . (A13)
A compatible condition (A8) permits to express a con-
nection Γ trough both derivatives of the metric {∂αgµν}
and the torsion tensor {T λµν} in an unique way. Thus,
Γλµν = g
λαΓα, µν (A14)
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where
Γα, µν =
1
2
(∂µgαν + ∂νgαµ − ∂αgµν)
+
1
2
(Tµ, αν + Tν, αµ − Tα, µν)
(A15)
and
Tλ, µν
def
= gλαT
α
µν . (A16)
In the Riemann-Cartan (D+1)-dimensional geometry,
the fully covariant curvature tensor
Rκλµν
def
= gκαR
α
λµν (A17)
has (D + 1)2D2/4 essential components, is antisymmet-
rical both in the first pair of indexes:
R[κλ]µν = Rκλµν (A18)
and in the second pair of indexes:
Rκλ[µν] = Rκλµν , (A19)
but, unlike Riemannian geometry, it is not symmetrical
in pairs of indexes:
Rµνκλ 6= Rκλµν . (A20)
Tensor R satisfies the generalized Ricci identities
Rκ[λµν] ≡ ∇[λT κµν] + T κα[λTαµν] (A21)
and the generalized Bianchi identities
∇[λ|Rαβ|µν] ≡ −Rαβγ[λT γµν]. (A22)
We need also in the torsion vector {Tµ}, modified tor-
sion tensor
∗
T
def
= { ∗Tλµν} and modified torsion vector
{ ∗Tµ} defined as
Tµ
def
= Tαµα; (A23)
∗
T
λ
µν
def
= T λµν + δ
λ
µTν − δλνTµ; (A24)
∗
Tµ
def
=
∗
T
α
µα, (A25)
respectively, where δµν is the Kronecker symbol. It is
easily to find a relation between the torsion vector and
the modified torsion vector:
∗
Tµ = −(D − 1)Tµ. (A26)
The Ricci and Einstein tensors, and the curvature
scalar are defined as usual:
Rµν
def
= Rαµαν , (A27)
Eµν
def
= Rµν − 1
2
gµνR, (A28)
R
def
= gαβRαβ . (A29)
The first two are not symmetrical now:
R(µν) 6= Rµν ; E(µν) 6= Eµν . (A30)
Contracting the Ricci identities (A21), one easily states
that an antisymmetrical part of the Ricci tensor satisfies
the identity:
R[µν] ≡ −
1
2
∗
∇λ
∗
T
λ
µν (A31)
where
∗
∇λ def= ∇λ + Tλ (A32)
is a modified covariant derivative. From the definition
(A32) it follows, first, that the commutator of modified
covariant derivatives is presented by
∗
∇[µ,
∗
∇ν] = ∇[µ,∇ν] +
(∇[µTν]) , (A33)
second, that for arbitrary two tensorsA = {Aα...β...} and
B = {Bγ...δ...} the modified(!) formula of differentiating
their product (the modified Leibnitz rule):
∗
∇µ (Aα...β...Bγ...δ...)
=
( ∗
∇µAα...β...
)
Bγ...δ... +A
α...
β... (∇µBγ...δ...)
(A34)
takes a place. It is also equivalent to
∗
∇µ (Aα...β...Bγ...δ...)
= (∇µAα...β...)Bγ...δ... +Aα...β...
( ∗
∇µBγ...δ...
)
.
(A35)
The last formula represented in the form
Aα...β...
( ∗
∇µBγ...δ...
)
=
∗
∇µ (Aα...β...Bγ...δ...)− (∇µAα...β...)Bγ...δ...
(A36)
we call as the formula of a differentiation by parts, and
we use it actively.
The two times contracted Bianchi identities (A22) ac-
quire the form:
∗
∇µEµν ≡ −EµλT λµν + 1
2
∗
T
pi, ρσRρσpiν . (A37)
Thus, in the Riemann-Cartan geometry, unlike Rieman-
nian geometry, the Einstein tensor (A28) is not con-
served.
The contorsion tensor K = {Kλµν} defined as
Kλµν
def
= gλαKα, µν ; (A38)
Kλ, µν
def
=
1
2
(Tµ, λν + Tν, λµ − Tλ, µν) (A39)
14
is useful also. The contorsion vector defined as
Kµ
def
= Kαµα (A40)
is expressed trough the torsion vector (A23) as
Kµ = −Tµ. (A41)
The Gauss and Stockes formulae are modified essentially
with respect to ones in the Riemannian geometry and
have the form
∫
Ω
dω
∗
∇µV µ =
∮
∂Ω
dσµ V
µ; (A42)
∫
Σ
dσ[µ
∗
∇ν]Wµν +
1
2
∫
Σ
dσλ T
λ
µνW
µν =
1
2!
∮
∂Σ
dsµν W
µν ,
(A43)
respectively. Here, {V µ} and {Wµν} are arbitrary con-
travariant vector and antisymmetrical contravariant ten-
sor, W [µν] = Wµν ; Ω and ∂Ω are an arbitrary (D + 1)-
dimensional domain in C(1, D) and its D-dimensional
boundary; Σ and ∂Σ are an arbitrary D-dimensional hy-
persurface in C(1, D) and its (D−1)-dimensional bound-
ary; the notations
dω
def
=
√−g
(D + 1)!
εα0α1...αDdx
α0 ∧ dxα1 ∧ . . .dxαD ,
(A44)
dσλ
def
=
√−g
D!
ελα1...αDdx
α1 ∧ dxα2 ∧ . . .dxαD , (A45)
dsµν
def
=
√−g
(D − 1)!εµνα1α2...αD−1dx
α1∧dxα2∧. . .dxαD−1
(A46)
mean (D + 1)-, D- and (D − 1)-forms of elementary
volumes; ε
def
= {εα0α1...αD} is the fully antisymmetrical
(D + 1)-dimensional Levi-Civita symbol,
ε[α0α1...αD ] = εα0α1...αD , ε012...D = +1; (A47)
dxα are the basic 1-forms, a symbol ∧ means a wedge
product.
Appendix B: Irreducible representations of a symmetric
group for two- and three-index quantities
To provide many of calculations we decompose tensors
onto irreducible representations of a symmetric group
(group of index permutations). In this Appendix, we
give main properties of such representations for 2- and
3-index quantities and formulae necessary in the text.
1. The Young projectors for 2-index quantities
For 2-index quantities {A...βγ} one has 2 Young dia-
grams only:
1 2 and
1
2
, (B1)
to which the Young projectors :
sˆ
(
1 2
) def
=
1
2
((12) + (21)) (B2)
and
aˆ
(
1
2
)
def
=
1
2
((12)− (21)) (B3)
correspond. Projectors (B2) and (B3) act as follows
sˆ
(
1 2
)
A...
βγ =
1
2
(
A...
βγ +A...
γβ
)
= A...
(βγ) (B4)
and
aˆ
(
1
2
)
A...
βγ =
1
2
(
A...
βγ −A...γβ
)
= A...
[βγ]. (B5)
They are orthonormal:

sˆ
(
1 2
)
sˆ
(
1 2
)
= sˆ
(
1 2
)
;
aˆ
(
1
2
)
aˆ
(
1
2
)
= aˆ
(
1
2
)
;
sˆ
(
1 2
)
aˆ
(
1
2
)
= aˆ
(
1
2
)
sˆ
(
1 2
)
= 0
(B6)
and present themselves a full set:
sˆ
(
1 2
)
+ aˆ
(
1
2
)
= 1. (B7)
2. A transformation of the expression Mα
βγ
∇γ∇βδξ
α
Using (B7), (B4) and (B5), one finds
Mα
βγ = 1 ·Mαβγ
=
(
sˆ
(
1 2
)
+ aˆ
(
1
2
))
Mα
βγ
= sˆ
(
1 2
)
Mα
βγ + aˆ
(
1
2
)
Mα
βγ
=Mα
(βγ) +Mα
[βγ].
(B8)
From here for an arbitrary vector δξ = {δξα(x)} one has
Mα
βγ∇γ∇βδξα =Mα(βγ)∇γ∇βδξα +Mα[βγ]∇γ∇βδξα
=Mα
βγ∇(γ∇β)δξα +Mαβγ∇[γ∇β]δξα.
(B9)
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Using in the last term the formula (A9) for a commutator
of covariant derivatives, one obtains
∇[γ∇β]δξα = −
1
2
T εγβ∇εδξα + 1
2
Rαεγβδξ
ε. (B10)
Then the expression (B9) transforms into
Mα
βγ∇γ∇βδξα =
{
1
2
RεακλMε
λκ
}
δξα
+
{
−1
2
T βκλMα
λκ
}
∇βδξα +
{
Mα
βγ
}∇(γ∇β)δξα.
(B11)
3. The Young projectors for 3-index quantities
For 3-index quantities {A...βγδ} one has 4 different
Young diagram:
1 2 3 ,
2 1
3
,
2 3
1
and
1
2
3
. (B12)
In this case, there are two different full orthonormal sets
of the Young projectors. Their construction is carried
out as follows. For the sequence I from the beginning
one provides an antisymmetrization in indexes in a col-
umn, only after that one provides a symmetrization in
indexes in a line; for the sequence II, inversely, from the
beginning one provides a symmetrization in indexes in a
line, only after that one provides an antisymmetrization
in indexes in a column. Thus
I


sˆ
(
1 2 3
) def
=
1
6
((123) + (132) + (312) + (321) + (231) + (213)) ;
sˆ
(
2 1
3
)
def
=
1
3
((123)− (132) + (213)− (231)) ;
sˆ
(
2 3
1
)
def
=
1
3
((123)− (213) + (132)− (312)) ;
aˆ

 12
3

 def= 1
6
((123)− (132) + (312)− (321) + (231)− (213))
(B13)
(B14)
(B15)
(B16)
and
II


sˆ
(
1 2 3
) def
=
1
6
((123) + (132) + (312) + (321) + (231) + (213)) ;
aˆ
(
2 1
3
)
def
=
1
3
((123) + (213)− (132)− (312)) ;
aˆ
(
2 3
1
)
def
=
1
3
((123) + (132)− (213)− (231)) ;
aˆ

 12
3

 def= 1
6
((123)− (132) + (312)− (321) + (231)− (213)) .
(B17)
(B18)
(B19)
(B20)
As a result of action of the operator sˆ ( . . . ) onto a 3-
index quantity, one obtains a symmetrical in correspon-
dent indexes quantity, and, analogously, after action of
the operator aˆ ( . . . ) one obtains an antisymmetrical in
correspondent indexes quantity.
4. A transformation of the expression Nα
βγδ
∇δ∇γ∇βδξ
α
To transform the expressionNα
βγδ∇δ∇γ∇βδξα we use
the set of projectors II. Decompose the tensorNα
(βγ)δ =
Nα
βγδ onto irreducible with respect to this set parts:
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Nα
βγδ = 1 ·Nαβγδ =

sˆ ( 1 2 3 )+ aˆ( 2 1
3
)
+ aˆ

 12
3

+ aˆ( 2 3
1
)Nαβγδ
= sˆ
(
1 2 3
)
Nα
βγδ + aˆ
(
2 1
3
)
Nα
βγδ + aˆ

 12
3

Nαβγδ + aˆ( 2 31
)
Nα
βγδ
def
= aα
βγδ + bα
βγδ + cα
βγδ + dα
βγδ.
(B21)
Here,
aα
βγδ def= sˆ
(
1 2 3
)
Nα
βγδ = Nα
(βγδ); (B22)
bα
βγδ def= aˆ
(
2 1
3
)
Nα
βγδ
=
1
3
(
Nα
βγδ +Nα
γβδ −Nαβδγ −Nαδβγ
)
=
2
3
(
Nα
βγδ −Nαβδγ
)
=
4
3
Nα
β[γδ]; (B23)
cα
βγδ def= aˆ

 12
3

Nαβγδ = Nα[βγδ] = 0; (B24)
dα
βγδ def= aˆ
(
2 3
1
)
Nα
βγδ
=
1
3
(
Nα
βγδ +Nα
βδγ −Nαγβδ −Nαγδβ
)
=
1
3
(
Nα
δβγ −Nαδγβ
)
=
2
3
Nα
δ[βγ]. (B25)
Thus,
Nα
βγδ = Nα
(βγδ) +
4
3
Nα
β[γδ] +
2
3
Nα
δ[βγ]. (B26)
Then
Nα
βγδ∇δ∇γ∇βδξα = Nαβγδ∇(δ∇γ∇β)δξα
+
4
3
Nα
βγδ∇[δ∇γ]∇βδξα +
2
3
Nα
δβγ∇δ∇[γ∇β]δξα.
(B27)
Here, to calculate 2-nd and 3-rd terms on the right hand
side, firstly, we apply the formulae for the commutator
of the type (A9), next, use a decomposition of a 2-index
quantity of the type (B11), at last, apply again the for-
mula (A9). After collecting similar terms we obtain
4
3
Nα
βγδ∇[δ∇γ]∇βδξα =
{
1
3
Nκ
λµνT σµνR
κ
ασλ
}
δξα
+
{
2
3
Nα
λµν
(
1
2
T σµνT
β
λσ +R
β
λµν
)
− 2
3
Nλ
βµνRλαµν
}
∇βδξα +
{
2
3
Nα
βµνT γµν
}
∇(γ∇β)δξα;
(B28)
2
3
Nα
δβγ∇δ∇[γ∇β]δξα =
{
1
3
Nκ
λµν
(
1
2
T σµνR
κ
αλσ −∇λRκαµν
)}
δξα
+
{
1
3
Nα
λµν
(
∇λT βµν + 1
2
T σµνT
β
σλ
)
− 1
3
Nκ
βµνRκαµν
}
∇βδξα +
{
1
3
Nα
γµνT βµν
}
∇(γ∇β)δξα.
(B29)
Substituting (B28) and (B29) into (B27), we obtain finally
Nα
βγδ∇δ∇γ∇βδξα =
{
−1
3
Nκ
λµν
(
∇λRκαµν + 1
2
T σµνR
κ
αλσ
)}
δξα
+
{
1
3
Nα
λµν
(
2Rβλµν +∇λT βµν + 1
2
T σµνT
β
λσ
)
−NκβµνRκαµν
}
∇βδξα
+
{
Nα
βµνT γµν
}∇(γ∇β)δξα + {Nαβγδ}∇(δ∇γ∇β)δξα.
(B30)
Appendix C: Transformation of the Klein identities
1. Three useful identities
For arbitrary tensors {θ[µν] = θµν}, {θα[µν] = θαµν}
and {θαβ[µν] = θαβµν} the identities
∗
∇µ
[
∗
∇νθµν + 1
2
θρσT µρσ
]
≡ 0; (C1)
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∗
∇µ
[
∗
∇νθαµν + 1
2
θα
ρσT µρσ
]
≡ −1
2
Rλαρσθλ
ρσ; (C2)
∗
∇µ
[
∗
∇νθαβµν + 1
2
θα
βρσT µρσ
]
≡ 1
2
(−Rλαρσθλβρσ +Rβλρσθαλρσ) ; (C3)
take a place. Let us prove, for example, the 1-st one.
Using the formulae for commutators of the types (A9)
and (A33), one has
∗
∇µ
( ∗
∇νθµν
)
=
∗
∇[µ
∗
∇ν]θµν =(∇[µTν]) θµν − 1
2
T λµν∇λθµν + 1
2
Rµλµνθ
λν +
1
2
Rνλµνθ
µλ
=
( ∗
∇[µTν]
)
θµν − ∗∇λ
(
1
2
T λµνθ
µν
)
+
1
2
( ∗
∇λT λµν
)
θµν
+R[µν]θ
µν .
The sum of the 1-st and 3-rd terms with taking into ac-
count (A24) is equal to
1
2
∗
∇λ
(
δλµTν − δλνTµ + T λµν
)
=
1
2
∗
∇λ
∗
T
λ
µν .
Then, keeping in mind the identity (A31), one obtains
finally
∗
∇µ
( ∗
∇νθµν
)
≡ − ∗∇λ
(
1
2
T λµνθ
µν
)
that coincides exactly with (C1). The identities (C2) and
(C3) are proved analogously.
2. Representation of the Klein identity (38) in the form
(42)
To transfer from the formula (38) to the formula (42)
it is enough in − 13Nκλµν
∗
∇λRκαµν to provide a differen-
tiation by parts and collect similar terms.
3. Representation of the Klein identity (39) in the form
(43)
We transform (39) step by step as follows.
1. In
∗
∇µMαβµ the quantityMαβµ is decomposed onto
irreducible parts with correspondence to the for-
mula (B8):
∗
∇µMαβµ =
∗
∇µMα[βµ] +Mα(βµ).
2. In 13Nα
λµν∇λT βµν a differentiation by parts is pro-
vided:
1
3Nα
λµν∇λT βµν
=
∗
∇µ
(
1
3Nα
µρσT βρσ
)
+ 12
(
− 23
∗
∇λNαλ[ρσ]
)
T βρσ.
3. The term 13Nα
λµν
(
1
2T
σ
µνT
β
λσ
)
is rewritten in the
way:
1
3
Nα
λµν
(
1
2
T σµνT
β
λσ
)
=
1
2
(
1
3
Nα
[ρ|κλT |σ]κλ
)
T βρσ.
4. The terms 23Nα
λµνRβλµν −NλβµνRλαµν are repre-
sented as
2
3
Nα
λµνRβλµν −NλβµνRλαµν = −1
3
Nλ
βρσRλαρσ
+
1
2
(
4
3
Nα
λρσRβλρσ − 4
3
Nλ
βρσRλαρσ
)
.
5. The above points 1–4 are taken into account in the
identity (39), and the expression
∗
∇µ
(
− 23
∗
∇λNαλ[βµ] + 13Nα[β|ρσT |µ]ρσ
)
+
∗
∇µ
( ∗
∇λNαβµλ +Nα(β|ρσT |µ)ρσ
)
is added and subtracted in the left hand side of
(39). Then the left hand side of (39) acquires the
form:
(
Uα
β − 1
3
Nλ
βρσRλαρσ
)
+
∗
∇µ
(
Mα
[βµ] − 2
3
∗
∇λNαλ[βµ] + 1
3
Nα
[β|ρσT |µ]ρσ
)
+
1
2
(
Mα
[ρσ] − 2
3
∗
∇λNαλ[ρσ] + 1
3
Nα
[ρ|κλT |σ]κλ
)
T βρσ
+
∗
∇µ
(
Mα
(βµ) +
∗
∇λNαβµλ +Nα(β|ρσT |µ)ρσ
)
+
1
2
(
4
3
Nα
λρσRβλρσ − 4
3
Nα
βρσRλαρσ
)
+
∗
∇µ
(
1
3
Nα
µρσT βρσ
)
− ∗∇µ
(
−2
3
∗
∇λNαλ[βµ] + 1
3
Nα
[β|ρσT |µ]ρσ
)
− ∗∇µ
( ∗
∇λNαβµλ +Nα(β|ρσT |µ)ρσ
)
.
6. Here, the sum of the last three terms is transformed to the form
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− ∗∇µ
[
∗
∇λ
(
Nα
βµλ − 2
3
Nα
λ[βµ]
)
+
1
2
(
4
3
Nα
β[ρσ]
)
T µρσ
]
= − ∗∇µ
( ∗
∇λNα(βµλ)
)
− ∗∇µ
[
∗
∇λ
(
4
3
Nα
β[µλ]
)
+
1
2
(
4
3
Nα
β[ρσ]
)
T µρσ
]
where the decomposition (B26) has been used.
7. At last, setting in the identity (C3) θα
βµν =
4
3Nα
β[µν], one can see that
− ∗∇µ
[
∗
∇λ
(
4
3
Nα
β[µλ]
)
+
1
2
(
4
3
Nα
β[ρσ]
)
T µρσ
]
+
1
2
(
4
3
Nα
λρσRβλρσ − 4
3
Nλ
βρσRλαρσ
)
≡ 0.
In the result the Klein identity (39) is represented in
the equivalent form:
(
Uα
β − 1
3
Nλ
βρσRλαρσ
)
+
∗
∇µ
(
Mα
[βµ] − 2
3
∗
∇λNαλ[βµ] + 1
3
Nα
[β|ρσT |µ]ρσ
)
+
1
2
(
Mα
[ρσ] − 2
3
∗
∇λNαλ[ρσ] + 1
3
Nα
[ρ|κλT |σ]κλ
)
T βρσ
+
∗
∇µ
(
Mα
(βµ) +
∗
∇λNαβµλ +Nα(β|ρσT |µ)ρσ
)
− ∗∇µ
∗
∇λNα(βµλ) ≡ −Iαβ ;
(C4)
4. The proof of the formula (58)
The identity (C2) after using the antisymmetry prop-
erty of the curvature tensor (A18) transforms to
∗
∇µ
[
∗
∇νθλµν + 1
2
θλρσT µρσ
]
≡ 1
2
Rλκµνθ
κµν . (C5)
Using this identity for the expression ∆J µ (57), one
obtains
∆J µ =
1
2
(Rµκνλ −∇κT µνλ − T µρκT ρνλ) θκνλ
Taking into account the property (56), one can write also
∆J µ =
1
2
(
Rµ[κνλ] −∇[κT µνλ] − T µρ[κT ρνλ]
)
θκνλ.
But the expression in the parenthesis is equal to zero by
the Ricci identity (A21). Thus,
∆J µ = 0.
Appendix D: The solution to the system of equations (62)
– (64)
In this Appendix, essentially basing on the results of
the Appendix B 3, we give the full solution to the system
of equations


(
∗
∇νAαµν + 1
2
Aα
ρσT µρσ
)
+
1
2
Bλ
ρσµRλαρσ = Uα
µ + Iα
µ;
−Aαβµ +
(
∗
∇λBαβµλ + 1
2
Bα
βρσT µρσ − 1
2
Bα
ρσµT βρσ
)
=Mα
βµ;
−Bα(βγ)µ = Nαβγµ.
(D1)
(D2)
(D3)
1. Determination of the tensor B
Using the full set of the Young projectors II (B17) –
(B20), decompose the tensor {Bαλ[µν] = Bαλµν} onto ir-
reducible with respect to its contravariant indexes parts:
Bα
λµν = aα
λµν + bα
λµν + cα
λµν + dα
λµν
where
aα
λµν def= sˆ
(
1 2 3
)
Bα
λµν = Bα
(λµν) = 0;
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dα
λµν def= aˆ
(
2 3
1
)
Bα
λµν
=
2
3
(
Bα
λ(µν) −Bαµ(λν)
)
= 0;
cα
λµν def= sˆ

 12
3

Bαλµν
= Bα
[λµν] =
1
3
(
Bα
λµν +Bα
µνλ +Bα
νλµ
)
;
bα
λµν def= sˆ
(
2 1
3
)
Bα
λµν = Bα
λµν − cαλµν .
Consequently,
Bα
λµν = bα
λµν + cα
λµν . (D4)
By the construction, the tensors b
def
= {bαλµν} and c def=
{cαλµν} have the following properties of symmetry:
bα
λ[µν] = bα
λµν ; (D5)
bα
[λµν] = bα
λµν ; (D6)
cα
[λµν] = cα
λµν . (D7)
Then from (D4), (D6) and (D7) one has
Bα
(βγ)µ = bα
(βγ)µ. (D8)
Substituting this result into (D3), one obtains the equa-
tion:
bα
(βγ)µ = −Nαβγµ (D9)
that has to determine tensor b.
Recall the symmetry properties (23) and (49) for the
tensor N:
Nα
(λµ)ν = Nα
λµν ; (D10)
Nα
(λµν) = 0. (D11)
Using them and the definition (B14) of the Young pro-
jector sˆ
(
2 1
3
)
, one finds that
sˆ
(
2 1
3
)
Nα
λµν = Nα
λµν . (D12)
On the other hand, by the symmetry property (D5),
sˆ
(
2 1
3
)
bα
λµν =
4
3
bα
(λµ)ν . (D13)
Combining the last two formulae and (D9) one obtains
sˆ
(
2 1
3
)
bα
λµν = −sˆ
(
2 1
3
)
4
3
Nα
λµν . (D14)
Now, act onto both sides of this equality by the Young
projector aˆ
(
2 1
3
)
(B18). Then, taking into account
(D12), (D10), (D13) and the property bα
(λµν) = 0, one
gets
bα
λµν = −4
3
Nα
λ[µν]. (D15)
Substituting this result into (D4), one finds finally
Bα
λµν = −4
3
Nα
λ[µν] + cα
λµν . (D16)
One needs an antisymmetrical part of this quantity:
Bα
[λµ]ν = −2
3
(
Nα
[λµ]ν −Nαν[λµ]
)
+ cα
[λµ]ν
=
2
3
Nα
ν[λµ] + cα
λµν ,
(D17)
where properties (D7) and (D10) have been used.
2. Determination of the tensor A
Rewriting the equation (D2) as
Aα
µν = −Mα[µν] −Mα(µν) +
∗
∇λBα(µν)λ
+
( ∗
∇λBα[µν]λ − 12T µρσBα[ρσ]ν + 12Bαµ[ρσ]T νρσ
)
,
substituting here the expressions (D3) and (D17), and
taking into account the identity (48), one obtains
Aα
µν = −Mα[µν] + 2
3
(
∗
∇λNαλ[µν] + 1
2
T [µρσNα
ν]ρσ
)
+
( ∗
∇λcαµνλ + cα[µ|ρσT |ν]ρσ
)
.
(D18)
3. The use of the equation (D1)
Up to now only the equations (D2) and (D3) from the
system (D1) – (D3) has been used. Now, turn to the
equation (D1). Substitution of the expressions (D16) and
(D18) into (D1), and taking into account the Klein iden-
tities (47) – (49) lead to
∗
∇µ
[ ∗
∇νcαλµν + cα[λ|ρσT |µ]ρσ
]
+
1
2
T λρσ
[ ∗
∇µcαρσµ + cα[ρ|εκT |σ]εκ
]
+
1
2
Rεαρσcε
ρσµ = 0.
After taking into account the identity (C3) and using the
symmetry property (D7) this equality transfers to(
Rµ[piρσ] −∇[piT µρσ] − T µε[piT ερσ]
)
cα
piρσ = 0.
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The last, by the Ricci identities (A21), is satisfied iden-
tically with an arbitrary tensor c.
Thus, the general solution to the system of equations
(D1) – (D3) are presented by the formulae (D16) and
(D18) where {cα[λµν] = cαλµν} is undefined tensor. In
section IV, we show why without loss of a generality one
can set cα
λµν = 0.
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